Optimized equation of the state of the square-well fluid of variable range based on a fourth-order free-energy expansion J. Chem. Phys. 130, 024509 (2009) Cluster integrals are evaluated for the coefficients of the combined temperature-and densityexpansion of pressure:
I. INTRODUCTION
The virial series has a long history that is well established in many textbooks on statistical thermodynamics. 1 In the present manuscript, we express the virial series in terms of the dimensionless density, the packing fraction (η), as follows,
where Z is the compressibility factor, βP/ρ, P is pressure, ρ = N/V is number density for N molecules in a volume V , β = 1/kT with T the absolute temperature and k Boltzmann's constant, and B n is the nth virial coefficient. Despite this long history, the practical utility of the statistical mechanical formulation of the virial series has been somewhat limited. This situation results from a general view that the virial series is valid only at low density, and is not applicable to liquids. Nevertheless, examples can be cited where the virial series provides a useful description of non-condensed fluid behavior at high density. An obvious example is the hardsphere fluid. Investigations up to the eleventh virial coefficient for hard spheres suggest steadily improving accuracy at higher densities as higher-order terms are added, consistent with a convergent series. 2 Applications to other non-condensed systems suggest similarly convergent behavior, as long as the series is resummed properly. 3 While it could be argued that Eq. (1) is no longer the operative equation after resummation, this is a semantic distinction that is not fundamental. The key point is that the B n coefficients of Eq. (1) are derivable from a molecular model or Hamiltonian via rigorously defined cluster integrals specified by statistical mechanics. Any resummed form of these coefficients would still be well defined and share all the advantages and rigor of the original formalism. Resumming these coefficients in forms like the CarnahanStarling equation is generally accepted for non-condensed systems. It appears that appropriate summations can even capture the correct behavior on approach to the critical point. 4 Where things have broken down is below the critical temperature in fluids that exhibit a vapor-liquid transition. In this regard, it is worth mentioning recent investigations 5 suggesting that this breakdown can be addressed via an Ndependent virial series that avoids summing an infinite number of terms. The work also suggests that failure at high density is due to neglect of the dependence of the virial coefficients on volume.
Complementing the perspective given by the virial series, which is an expansion in powers of density at fixed temperature, is Zwanzig's perturbation expansion of the Helmholtz energy A (in excess of the ideal-gas value A ig ) in powers of reciprocal temperature at fixed density, commonly known as thermodynamic perturbation theory, TPT, 6, 7 β A − A ig /N = A 0 (η) + A 1 (η) β + A 2 (η) β 2 + A 3 (η) β 
The coefficients A j are functions only of density, as indicated, and can be expressed as ensemble averages involving highorder moments of energy fluctuations. This is a hightemperature expansion, and gives the fluid properties in terms of a reference system obtained at infinite temperature, where β = 0. The behavior of such a reference is dominated by the repulsive part of the potential of the system of interest, and typically hard-or repulsive soft-sphere models are used in this role. Often, the coefficient A 1 can be determined from knowledge of the radial distribution function of the reference system, and this is a common method for application of this treatment. Higher-order coefficients usually require evaluation via molecular simulation. Recently, Pavlyukhin computed these perturbation coefficients to fourth order in temperature for the square-well model. 8 Zhou and Solana have also computed some of these coefficients over limited ranges with similar results where comparisons are possible. 9 Pavlyukhin also demonstrated that the perturbation series in temperature appears to be convergent at all densities.
The free-energy function A(η, β) encodes the complete thermodynamic behavior of the system, including the equation of state. So, of course the coefficients appearing in Eqs. (1) and (2) are related. If we consider the A n as the sum over density of the coefficients in a bivariate temperature-and density-expansion for the free energy, we write
Likewise, we express the virial coefficients of Eq. (1) as a series in reciprocal temperature,
Then the thermodynamic relation Z = η [∂ ( β A/N) /∂η] requires that B (n+1) j = nA j n for n > 0. We have, necessarily, that B 10 = 1 and B 1 j = 0 for j > 0. In this paper, we examine two ways to apply the bivariate series. First, the expansion given by Eq. (4) provides a parameterization of the temperature dependence of the virial coefficients, which for some applications might be more convenient than tabulation/interpolation of values at discrete temperatures. We investigate the suitability of this series and related forms as a means to evaluate B n ( β).
Second, the effectiveness of the temperature series for A raises the question of whether the temperature perturbation coefficients could be computed through a density expansion, applied at a supercritical temperature. If so, then a convergent version of the virial series would be implicit in the result. The concept is illustrated in Figure 1 . For this approach to work, we need to distinguish the density expansion of the temperature coefficients (Eq. (3))-which implies the density-then-temperature path shown in the figure-from a temperature expansion of the density coefficients (Eq. (4)), which implies a temperature-then-density path. It is hard to see how this latter case could be any better than the virial series applied at the desired temperature in the standard fashion. The necessary distinction might be achieved by accelerating the sum given in Eq. (3), and we investigate this possibility in the present study.
We conduct this study using the square-well (SW) model as a prototype, with parameters σ, ε, and λ for the core diameter, well depth, and well diameter, respectively; in what FIG. 1. Schematic of the approach examined in this work. The aim is to employ a series in density to characterize a point in the liquid phase, indicated by the × in this schematic figure. The usual virial series cannot reach this point because of the singularity associated with the condensation transition, which ends at the critical point (c.p.). The alternative path circumvents the singularity by performing the density expansion at a supercritical temperature. This expansion is used to obtain the coefficients of a reciprocal-temperature series, which takes the system to the desired state.
follows, we adopt units such that σ and ε are unity. The virial coefficients and vapor-liquid coexistence of this model exhibit behaviors that are common to most fluids. Virial coefficients for SW spheres have been studied for some time, [10] [11] [12] [13] and now are known through the sixth order for λ = [1. 25-3.0] . Below the critical temperature, these coefficients exhibit negative trends with increasing order of coefficient, as typically seen in models that exhibit condensation.
14 Therefore, it is reasonable to assume that treatments of the virial series for square-well fluids may also apply to other potential models. A particular advantage of the SW model is that the second and third virial coefficients are known exactly to all orders in temperature, but more important, the temperature dependence of all virial coefficients is expressible in an exact closed form, albeit in terms of coefficients that must be numerically determined. Our primary goal is to articulate and evaluate for this model the cluster integral expansions in reciprocal temperature and through the sixth density coefficient. Our hypotheses are that the perturbative virial series-the evaluation of the β-series coefficients via an expansion in density-will be consistent with Pavlyukhin's results 8 at each order in temperature. In Secs. II-IV, we enumerate and evaluate the cluster integrals and make comparisons between TPT and the traditional virial series. The section on methods provides a list of the cluster diagrams and describes the computational methodology. The section on virial coefficients reports the β-series coefficients and makes comparisons to the temperaturedependent η-series coefficients. Over the course of this comparison, we compute estimates in closed form of all orders for the fourth through sixth virial coefficients. The section on perturbation theory compares the results of the perturbative virial series to Pavlyukhin's results.
II. METHODS
The virial coefficients for a molecular model are evaluated via integrals of the Mayer function f (r), which is defined in terms of the intermolecular potential, u(r),
where for simplicity of development we assume a spherically symmetric potential, so u depends only on the separation distance r. For pairwise-additive potentials, the necessary integrals giving B n in terms of the Mayer function can be expressed as a sum of all doubly connected graphs on n vertices, with each vertex representing integration over the position of a molecule. Each bond in the graph represents a Mayer f -function, defined in terms of the separation of the molecules represented by the vertices joined by the f -bond. The integrand for each graph is the product of all such f -bonds that it comprises. We now consider separation of the potential into a reference u R and a perturbation u P , with u = u R + u P , and decompose the Mayer function accordingly, in the usual manner,
where each f is as defined in Eq. (5) but with the corresponding superscripted potential u, and e = f + 1. With this separation, each graph in the sum for B n is replaced by another sum, over all distinct graphs obtainable from it by replacing each of its f -bonds by an f R -bond or an (e R f P )-bond. Now, for the SW model, the obvious separation defines u R as a hard-sphere potential with diameter of the SW core, and u P is the attractive well. Then the perturbation contribution e R f P has the appealing feature of being independent of r for those separations where it is non-zero; for these separations, it has the constant value Y ( β) ≡ exp ( βε) − 1, where ε is the well depth for the SW model. Consequently, the dependence of the integrand on temperature can be factored out of the integral, contributing a multiplicative factor of Y for each (e R f P )-bond in the graph. The complete temperature dependence of the virial coefficient B n , therefore, can be expressed as a polynomial in Y ,
where the (temperature-and density-independent) coefficient B n j is the sum of all f -decomposed graphs in B n having j (e R f P /Y )-bonds (which equals 1 for separations in the well, and zero otherwise); the upper limit of the sum (the largest order in Y ) is n(n − 1)/2, which corresponds to the fully connected graph of (e R f P /Y )-bonds. The caret on the coefficients in Eq. (7) is to distinguish them from the β-series coefficients defined in Eq. (4). We note that the polynomial expression we employ to capture the full temperature dependence of the virial coefficients is considerably more compact than used previously in reporting the temperature-dependent coefficients for the SW model. 13 The previous effort used an expression requiring calculation of n 2 − 3n + 4 n 2 − n + 2 /4 temperature-independent coefficients, compared to 1 + n(n − 1)/2 coefficients for Eq. (7) (e.g., 77 coefficients versus 11, for n = 5).
The second and third virial coefficients for SW spheres are known exactly. The expression for the second virial coefficient is easily derived and well known,
The exact third virial coefficient was derived by Kihara; 10 for λ = [1.0, 2.0], the equation is
B 31 = −2λ 6 + 36λ 4 − 64λ 3 + 30,
The fourth virial coefficient has also been derived previously for λ = 1.1, 1.5, and 2.0. 11 As shown by Eq. (7), this is a 6th-order polynomial in Y . Higher-order coefficients can be evaluated using Mayer-sampling Monte Carlo (MSMC) methods, 15, 16 as described below. We have computed the coefficientsB n j of order up to n = 6, and all appropriate j for each n. We completed this for eleven values of λ from 1.2 to 2.0 for n = 4 and 5, and four values from 1.25 to 2.0 for n = 6. All coefficients for evaluation of B n ( β) are listed in Tables S1-S3 of the supplementary material. 17 It is straightforward to determine the β-series coefficients when an exact form is known for B n ( β). Expanding Y in powers of βε, we can equate coefficients of like orders in β between Eqs. (4) and (7). Let us first write the Y -polynomial coefficients in terms of those for the β-series, where the c j k are defined recursively,
with the sum defined to be zero when the upper limit is less than 1. For example, the coefficient c 43 = −3/2. Equation (10) is most easily inverted recursively, yielding the β-series coefficients in terms of those for the Y polynomial,
In almost all models of practical interest, an exact expression for B n ( β) such as Eq. (7) will not be available, and so the β-series coefficients will need to be evaluated by other means. Returning to the separation of the Mayer function given by Eq. (6), it is customary to expand the f P as a series in β, so f becomes
FIG. 3. Reduced Y-series coefficientsB red n j , defined in Eq. (13), as a function of the SW diameter λ. Numbers in parentheses above each plot are (n, j). Points show values computed in this work, and lines are a regression to these data, as described in the text; confidence limits are smaller than the symbol size. Data and lines are shown from λ = 1.2 to 2.0, coinciding with the range of values where calculations were attempted. In a few cases, data and lines end before reaching 1.2: values for λ below this point were not considered reliable, and are likely to be very close to zero. Analytic form for n = 3 is also shown (Eq. (9)). 4 (λ) for λ = 1.2-2.0, via Eqs. (13) and (14 With each f -bond replaced by this series, the sum for B n is given by all doubly connected graphs formed from f R bonds and [e R (− βu P ) k ] bonds (the latter sometimes represented graphically using k bonds between a pair of vertices, associating a 1/k! factor with the graph). The graphs having a total of j (− βu P )-bonds are collected to give the coefficient B n j . Graphs up to 4th order in n and 3rd order in j are enumerated in Fig. 2 . These graphs can be computed numerically to give the desired coefficients.
So, although knowledge of theB n j coefficients is sufficient to determine any and all of the B n j (via Eq. (10)), we performed additional, direct calculations of these β-series coefficients from the graphs given as in Fig. 2 . This demonstrates the suitability of the numerical methods for this task, which in future work (i.e., not the SW model) will be the only means to obtain the B n j . The method for computing cluster integrals (for bothB n j and B n j ) is based on the overlap-sampling 16 implementation of Mayer sampling. 15 Mayer sampling is a Monte Carlo method that applies techniques for calculation of the free energy toward the evaluation of the cluster integrals. It computes the ratio of the desired (target) integral to a known (reference) integral. In our case, the reference is the integral for the full virial coefficient of a hard-sphere system with a diameter equal to 1.5 times the diameter of the hard core diameter of our SW fluid. The choice of the diameter for the reference system is arbitrary because it cancels when the final value of the desired coefficient is computed. The overlap-sampling implementation 16 introduces an intermediate between the target and reference systems, defined such that all of its important configurations are important also to both the target 9 trial configurations were generated via a Markov process. All calculations were performed using the etomica molecular modeling library.
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III. VIRIAL COEFFICIENTS
The computed virial coefficientsB n j (λ) take on a very broad range of values with variation of n, j, and λ, and it proves convenient to define reduced valuesB red n j , which have magnitudes of order 0.1 to 10.0 for all cases. We find the following to be effective, definingB 
where j max = n(n − 1)/2. For example, the coefficientB 43
. The results of our calculations expressed in this form are displayed in Fig. 3 . The unreduced data are also listed in the supplementary material as Tables S4-S6 . 17 The figure shows that the trends of the reduced coefficients are smooth for all λ. We have regressed correlations of these data, using a 3rd-order polynomial in (λ − 1),
These correlations are included in the figure as the solid line in each plot. The coefficients p njk are given in Tables I-III. With these parameters, and Eqs. (8) and (9) We also compared toB n j as computed from our values of B n j (Table S7 in the supplementary material 17 ) via Eq. (10). These comparisons are quite favorable, supporting the interchangeability between the β-and Y -series coefficients.
The virial coefficients B n themselves are shown as a function of reciprocal temperature β in Figs. 4-8, for n from 2 to 6, respectively. We show the behavior for the λ = 1.5 system only, which is representative of the behavior for all well widths. The exact temperature-dependent virial coefficients are shown for each B n (as computed from Eq. (7)), and these are compared to several approximations based on truncations of the β series and the Y polynomial. For clarity in the figures, we do not include truncations at each and every order. For the truncation orders that are shown, we include both the β and Y representations. This is interesting because the coefficients of the Y series at a given order can be determined exactly from coefficients of the β series at the same order, via Eq. (10), if they were not already known independently. Thus, in the context of a general (i.e., not SW) potential, the Y polynomial can be viewed as an approximant that accelerates the convergence of the β series. To further illustrate the convergence behavior of the β series, we include in each figure one curve showing the β series truncated at an order greater than the highest order of the exact Y -polynomial representation.
We see then that, for lower-order coefficients, the information from the β-series coefficients can be greatly leveraged by using them to compute corresponding coefficients for the Y series, via Eq. (10). Indeed, for n = 2, such a transformation yields (for the SW model) the exact temperature dependence for j = 1, whereas the β series even with j = 3 is approximate. Figure 5 , showing B 3 , illustrates this further. Here, 1st-, 2nd-, and 3rd -order series are shown for both the expansions in β and Y (where 3rd-order in Y is exact), and also 4th-order in β. The Y series provides a more accurate description, but significantly so only for the exact Y polynomial; for low order, it seems to do no better than the β series. This trend continues for increasing virial-coefficient order, as shown for B 4 in Fig. 6 , B 5 in Fig. 7, and B 6 in Fig. 8 . The advantage offered by the Y series is manifested only when the order of the truncated series approaches that of the exact Y -polynomial.
IV. THERMODYNAMIC PERTURBATION THEORY
The special case of SW spheres has an advantage for the study of TPT because computing the perturbation coefficients involves hard-sphere simulations, which can be very efficient. Achieving comparable statistical accuracy for the perturbation coefficients of other potential models may require much longer simulations. In this section, we consider in detail the behavior of the bivariate virial series in relation to the direct calculation of the TPT perturbation coefficients reported by Pavlyukhin for λ = 1.5 and 2.0. We have examined the behavior for the entire range of λ = 1.4-2.0, but the key observations can be characterized with these two representative values. The perturbative virial coefficients A j n are given in terms of the pressure virials via A j n = B (n+1) j /n, as described in the Introduction, and the B n j are given in terms ofB n j by Eq. (11) . It is worth emphasizing that our aim in this study is not to develop an effective treatment for the SW model, but to investigate the suitability of models built on the bivariate (η, β) expansion coefficients to describe fluid-phase properties over a range of temperatures and densities. Convergence of TPT for the SW model is well established, 20 so we need not examine the equation of state per se; instead we can focus on the ability of the series to describe the density dependence of the temperature-expansion coefficients A j themselves.
The direct implementation of a power series often does not result in useful accuracy over the entire range of interest of the series variable. In the case of the density series of the pressure of a hard-sphere fluid, resumming to a power series with (1 − η) 3 in the denominator is helpful. For the temperature-dependent virial coefficients, interchanging to a power series in Y accelerates convergence to the infinite-order behavior, at least for low density-order n. Therefore, we should not be surprised if poor accuracy is exhibited by the power series in density for the TPT coefficients, Eq. (3). In the discussion below, we consider several alternative series expressions in an attempt to establish the extent to which TPT coefficients can be inferred from the temperature dependence of the virial coefficients. We do not have a sufficient number of terms to establish series convergence, but we can observe the points where the higher-order terms deviate from the series sum, and gauge the effectiveness of the resummation by the extent to which it forestalls this behavior. Further, with knowledge of simulation results for the TPT coefficients at different densities, we can examine the absolute accuracy of the series to various orders. Candidate forms include (1) a simple power series, (2) various Padé approximants in η, (3) Padé approximants in y = η/(η max − η), and (4) a series where (1 − η) 4 has been factored. For the A 1 term, the power series in density appears to be quite reliable. Figure 9 shows the behavior of Pavlyukhin's A 1 term relative to increasing orders of the density series for λ = 1.5 and 2.0. This term is also easily given by integralequation methods, as it can be expressed in terms of the radial distribution function g(r) for the hard-sphere system,
An explicit expression for this quantity in the PercusYevick approximation for λ ≤ 2 has been given by Chang and Sandler, 21 and A 1 given via this result is included in Figure 9 ; it describes the Pavlyukhin data very well. As a slight digression, it is clear that a power series to describe the expression of Chang and Sandler must converge, because it is analytic. It is well known, and clear also from Eq. (15) , that A 1 for the SW model is proportional to the average coordination number, the number of neighboring spheres with centers inside the well of a central sphere. This quantity approaches a constant at high density. To enforce this, we have considered approximants of the form [N/N], i.e., the ratio of polynomials of the same order in y, such that as η → η max the Padé approximant approaches a constant. We considered increasing orders in N, from 1 to 3 (the [3/3] Padé requires one more coefficient than we have available, so instead for that case we imposed the value of the limiting coordination number). However, these attempts did not provide a description that is consistently better than the direct series, so we do not show them here.
When compared to this and various other alternative forms, we find that the direct power series is equally reliable, and the behavior displayed in Fig. 9 suggests that the series is convergent, although more terms are needed to give accurate results for the full range of fluid densities. We note that the critical density is in the vicinity of η ∼ 0.15 for these systems, 22 and it appears that the series to the displayed order is converged to some point slightly beyond this. The simple series is preferred to more complex forms because it permits straightforward inclusion of higher-order terms to fit the simulation data for A 1 at high density. (It is justifiable to fit simulation data in this way if the series is convergent.) The convergence of this series in density means that our first hypothesis is satisfied. It also makes a subtle pedagogical point, because the inclusion of just the A 0 and A 1 terms leads to an equation of state that characterizes the entire phase envelope, including the liquid side. This presupposes that the reference system can also be described by a virial series, or an approximant based on it; such is the case in the present application, where the hard-sphere model serves as a reference. This shows then that the properties of liquids can indeed be estimated by a (perturbative) virial series. As a counterpoint, it could be argued that this conclusion is trivial and as old as the van der Waals equation, since estimating A 1 from the second virial coefficient leads to a similar binodal diagram. On the other hand, the second virial coefficient does not establish the convergence of the series in density. It might be that the first-order estimate is reasonable but higher order estimates are not. Here we have found that the estimate of A 1 from the perturbative virial series appears to be convergent.
For the A 2 term, it may be possible to improve on the simple power series in density. We seek guidance on resummation forms from the available approximate analytical solutions. For A 2 , we have two suggestions of how to express the functional form. Largo et al. 23 have adapted Tang's first order mean spherical approximation (FMSA) solution for SW spheres 24 to show that g 1 (1
, where
) is the firstorder correction to the radial distribution function at contact, and u(η 3 ) and d(η 3 ) designate third-order polynomials in η. From the energy equation, we can estimate that
Similarly, Lafitte et al. 25 have suggested a semi-empirical modification of the compressibility approximation that has We can take this a step further, and impose the form given in Eq. (16) the approximant using this form appears to provide noticeable improvement, extending the range of accuracy to η = 0.25. However, this could well be just a coincidence, and we would need higher order terms to determine if this agreement is meaningful. At higher densities, A 2 is inaccurate in the region of the high density "shoulder" of A 2 . The high density shoulder is what gives rise to the plateau appearance in A 2 for SW fluids. This "plateau shoulder" is an anomaly specific to SW fluids, 26 so we choose not to dwell on it at this time. Nevertheless, our analysis suggests that the plateau shoulder may be estimated more precisely with higher virial coefficients, and the qualitatively sensible behavior of A 2 approaching zero at very high densities is guaranteed by the factor of (1 − η) 4 . This behavior is supported in part by Pavlyukin's analysis and by the expectation that fluctuations should diminish as fluids approach their jamming density. There is no indication that the series in density is divergent, but unlike the series for A 1 , convergence does appear to slow upon approach of the critical density.
For A 3 and A 4 , we have no theoretical form to guide the choice of an approximant. We looked at several variations involving enforcing multiplication by (1 − η) to a power. None stood out as performing significantly better than others, or even better than the direct series in η. Hence, in Figures 8 The curves correspond to power series in density. The legend indicates the order of the series. η = 0.1. It appears that A 3 is convergent, at least for λ = 1.5, but it is hard to draw conclusions for A 4 because we have data from Pavylukhin at only a few densities where the series is working.
Generally, we observe that the series convergence appears to be marching backwards steadily from A 1 , to A 2 , A 3 , and then A 4 : A 1 makes it out to η ∼ 0.25, A 2 makes it out to ∼0.12, A 3 makes it out to ∼0.08, and A 4 makes it out to ∼0.04. The region in which the 6th-order series is converged is reduced by approximately half the density with each order in β. Overall, the performance of the η series for increasing A n (increasing order in β) is better for λ = 1.5 versus λ = 2.0. From a practical perspective, it is reassuring that at least the second order perturbative virial series appears to be stable. Quite often, the second-order TPT is sufficiently accurate to provide useful descriptions of phase behavior and numerous other properties.
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V. CONCLUSIONS
While the rigorous virial series has been marginalized as a viable route to an equation of state that covers all densities, we have shown that a modified computational procedure leads to a bivariate series approximation of the Helmholtz energy that appears to be convergent, in the sense that each order improves on the ones before it, at all considered densities, and up to second order in temperature. The modification principally comprises expanding the Mayer f -function in powers of temperature and summing like powers of temperature at every density. The result is formally equivalent to Zwanzig's thermodynamic perturbation theory, but the evaluation of the TPT coefficients is through cluster integral evaluations, rather than ensemble averages.
Not surprisingly, the perturbative virial series is most accurate at low densities. Although the series estimate of Helmholtz energy may be convergent at high density, at the highest densities examined here it is not fast enough to reach agreement with TPT coefficients computed by ensemble averages. Including higher virial coefficients improves the accuracy at high density, indicating that the series in density is behaving stably. The perturbative virial series can complement computations from molecular simulation. At packing fractions below about 0.2, the perturbative virial series can supersede other alternatives. At higher densities, it may be possible to reduce the number of computations required by molecular simulation by using it only to guide a high density extrapolation of the series. For higher order TPT terms, which are smaller in magnitude and difficult to converge from the series coefficients alone, it may be feasible to maintain sufficient accuracy with the aid of approximants that are asymptotically consistent with high-density behavior, if known. Similarly, the perturbative virial coefficients may suffice to characterize the magnitude of higher order TPT terms relative to the low order terms. Such characterization can be useful in extrapolating trends in the TPT terms to higher order at all densities. 25 Fortuitously, perturbative virial coefficients for SW spheres can be derived from the analytical expressions of temperature-dependent virial coefficients. For other systems, such as the Lennard-Jones models or SW chains, direct computation of the perturbative virial coefficients is required, involving evaluation of the cluster integrals given in Fig. 2 . The desired choice of the reference system f R may find that (unlike the hard-sphere reference used here) the β-series coefficients are themselves temperature dependent, albeit weakly so. Knowledge of these coefficients may still provide a basis for inferring the infinite order behavior, through the use of an appropriate approximant (e.g., something similar to the Y polynomial). We hope to demonstrate this procedure for Lennard-Jones chains in the near future.
In general, the suitability of the perturbative virial series as a route to equations of state applicable to all densities would provide a new tool that offers all of the benefits of the virial series: (1) a rigorous statistical mechanical route to the equation of state from a molecular model, rather than interpolating between state points, (2) a computational framework that requires only six molecules at a time (for the sixth virial coefficient), while still capturing behavior in the thermodynamic limit. When this tool is combined with existing methods for perturbation coefficients at high density, it should be possible to improve efficiency as well as accuracy when constructing the connection between intermolecular forces and macroscopic properties.
